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Abstract: In this paper, an adaptive finite element (AFEM) method is designed by using the newest vertex
bisection for linear elasticity problems in two dimensions. This method marks exclusively according to the error
estimator without special treatment of oscillation and performs a minimal element refinement without the interior
node property. Furthermore, a type of multigrid method based on the local relaxation is applied to the AFEM
discrete systems by using the special properties during refinement. The results of various numerical experiments
are shown that the proposed AFEM method is uniformly convergent and has quasi-optimal numerical complexity.
The resulting multigrid method is much more robust and efficient in CPU times than the usual multigrid methods.

Key words: elasticity problems; adaptive finite element method; quasi-optimal complexity; local relaxation;

multigrid method

HAPES) 3 BB TR SO TR BT Rz 2,

AR TR, RO TR RS GESTBRRIAI S, A7V DR P
LB SO BELIY 0% 7 SRR AT SR 0 SR, BB I JLAT S SR
B A TR S ORI SR, A ISR, MREORIESE, BOh e, B
ARSI NIRRT FRTEATIE RIS 25 PR T B R AR T L — S0

Wk H . 2010-12-17; BEcH: 2011-07-21

FEGTUH : B A ARBEE IS F KT RI T SOSCREIH (91130002); 18 5K AR B2 FE G0 H (10972191); KT 2% 385 FGI18T A1 B & 8 v %l 1 H
(IRT1179); WirE 4 WEFTAE BT 5L 400 H (CX2010B245, CX2010B246)

TWWRAES: HWE(970—), Y, WImseb N, #o%, WA, AWHIEREA S EHE5T(B-mail: xyx610xyx@yahoo.com.cn).

EG A XEME981—), &, WiHa N, WA, ASHmik 77 B EUE 5T (B-mail: liuchunmei8080@yahoo.com.cn);
& OGE(1962—), Ui, WIEEREN, #HEZ, W, S, NS T FREUE AR & 2 ERETTR(E-mail: shushi@xtu.edu.cn);
BIRIR(1980—), T3, JUARNT N, L, ARG 7 FREE R T A(E-mail: zIq1980@gmail.com).



T

Vi 2 61

WA R T, HRE B0 & 5 1 T AR R 2
FER, 3 Rk i — SO0 Bty ok (10 5 RE R 4R £
W, e PSS NI E AR CPU I
(PR R G o A AT R TV T ARl A £ 1
ASRIEAT IR S B B A1, RIS AT R I i A A
— SN E TS SN B b B B IR SR AR R X,
/NIRRT ORI AE LA T
RS 2z R

HAr, 76 TR S i e T Z-2
o5 A I R VRS A O A PR G
B A7 AT KBS AR, A SCik[11]+
T K AENAT RGN G R ZE AR 7R T
4 HZ R ZEFR R 110 BT Sl o SCHRS, 12— 13]
R T EIENGR A A BRICT VR R I R T AR S
T IFE I T BNl SCEROIA R T SR A
I R AT BR G R I JE iR 2 s 1, IR B T
BIRZEAR R T IEREIE. S350, fE BN A RITH
b SRR AT BROC /T AR R ) 2
Lo WFFEHRET BN RS R R G AR
ARG PRE T TOE AR B . IR A R
TR RA ) 2 AL, A B E N A PRI
A5 T ARAE R sk e 2R U410, BAT (i i A
RO AR SRR MR, 0 R 1
(hnft g 2 e, 3K 5 T AR IR AR D

AR SR SCRRT161 M0 J 36 1 22 Ak v 5 A1 SCHR[17]
R H AR AR [ 5 R I 13 AT B G R (
REABNE P T SRR T 2 ), R e T
IRk, BT RN BRI R TR Fe A
i B AL “ AL VRN B IS AT BTG . AR A
AHY 3 N T s 1 R b R S R AT R G
i BN A X, Bk TR TR A b 2
H L. BUESCIRAURR ], AN F G AR
TOIE AT — S S E MR AT R R, 2T
PR st 1) 220 L A% V20T SRR 38R g 2 1) 9 3 1
WA AT BR 07 R B AT AR 4 (0 7 SR N
PRk

1 =R pEEEESRERITERN
2 JEANTR T [ ) 2 1)
-L'(6,,0,)DL(0,,0 Yu= f, 1EQ W
u=g, fEr, b
L'(n,,n,)DL(,,0,)u=gs, fE L
Hrh: QeR* NAT AN Lipschitz % i1 K X 4K,

0Q=T Ul AT,V T3#D; uhfifsliiE; f
KA1 g AR T LISy n=(n,,n )" hid
F I AN & FT L(a,b) F1.D 735504

a 0 A+2u A 0
L(a,b)=0 b A A+2u 0,

b a 0 0 u
XH, Ay p PR, SR AR E N
/N AV F

/J:

,DZ

E B
2(1+v) (1+v)(1-2v)
SINZE HY = {ulue(H' Q) ul, =0} &
Hy ={u|ue(H Q) ul, =g} WEBRON
@%&ﬁwﬂﬂ%ﬁ%:*ueHh,ﬁ%NE%
fiveH) , FREMAL:
a(uv)=(f.v) 3)
o a(uy)=| L (L(0,,0,0)" DL(8,.,0, udxdy ,

<}T,v>=jgf-vdxdy+jrsg5 -vds o

RV T S Q F— >l i TR I J00 £ 194 A 1)
g e 58 I EAHNY p CH BRITAE 0] N -
=

v v e (C(Q) v e (P,(2))",VT €T}
Horp, P (0) B ot ERECRER p (12 1K1
v B paa s 74k, —Ion = ikooh)
IS PR BT A AR D o

3

2)

(a) Zttit(p=1)

(b) —AIL(p=2) (c) =Tu(p=3)
(SINERVIVE iR VW i R i}

Fig.1 Nodes of some typical elements



62 T s

I

Ay T S G) I A B T Rk N e R
weVINH , BEXHERK v eV P NH .
TR KT

PP @
W) () A R G TT RE R BT 2U0h -
A;P)U(TP) — F]{P) (5)

FESERRVSE, A7 VR 2 D3] g S 20l 4
siarth, IXLEEFPEAE AT SRR AR N B AR 3 L
B E PIAR R R, EAT N 2 S T S A B
WAERITHSL CPU IS TR] AR UG . T G Y g 2%
R AR IV SR EAT RS )L B 30, e/
Mt S R KT SOR I . 1T, FRATI 24
AN EEAR IR AN SR AN AL “
TR PR A IENAT IR OCTE . R)E, AI B IEN
I A RE R = RS L AT SR R G BN
RN W it B i VAL A D EAC U (3P

2 BENERTE

AT WAL 38 N A R J612: (Adaptive
Finite Element method, AFEM).

48— WIS T, , W= 2 13 28—
REM R FIAT, =, P T, 5T, %
PR 4 AN

KA — it = brid > s

NI, FRATD A 4 BRI T R A2

1) KR,

X5 8 SRR f R g MR IS T, , SR
B o 1 LA R u? e VP, o P 2
SESUAERAR 9> T, 10 p A BRITZS ]

2) ATk,

SRR E A T, ERA TR E R T
i, BATE e B A R ZE RS T
G E — A MRS oy T, KT AT R 2
e=1, Nz, BINTBL, o Mz, 50502 T,
JC, en, =(n,,n,)" Nl e M—ANRE R PALINE
), WU SCEE I e (kR A -

[q]l.=(q )| .~(ql; ). (6)

TR e, MMl e, HT oMK
W5 T IR ER B 0 i) A -

Ru)|.=(f - L),

Jw)|,=[L" (n,,n,)DL@,.0,)u"]|, -

S ER e T, , HRMARZER R Tl 5E SN

2 2 2 2
ny (W o) = 2| R, +he D 1T @) |k,
ecdr\0N

(7)
Hrp, hr :|T|1/2 .
ERIMES M, T, & X n (w? M) =
D g (W, 7) o T EEMMR NI T, FIH &
reM,
AR 7 ) SR (4) it ) Bas 2= o T E S
G T, PR SO R E iR R T BRIk
W
BE VGRZEFR R TIIEED) ©0 f - W5
T, KB EA S M wl , WG e T, N34
AT () o) T SR
@ BTG RSHR =]
@ FIHHAEA S AR f - Lul” |5, -
@ RTI4TN MBk R AN 1 TT b
FA e, # e Wih i, WiZAMBkeh=E;
N, SR = AR
@ I e ST B0 ¢ 1 AT Ah i R
n, =(nx,ny)T o
®© K5 e MW T — AN HITM S, AW
W h o, IS LN (n,,n,)DL@,,0 )u |, Fil
L'(n,,n,)DL(,.,0,)u” |, «
© il 5t e LB
1) g = (L' (n,,n,)DL(D,.,0, )uy” |, -
L' (n,,n,)DL(,,0,)u” |, )’
@ FMAFRIC 7 RESR Ty (P, 7) ,
g (7)) =

R f=Lu o, +h D 1),

ecoT\0Q

3) Fric ARk,

ASCR I SCHR[ 18] 42 H 1) Dérfler fric g >k
WP BN S . W AR T,
IR ESRR T A (07 (" ,7)} g, BARIESHL
0 (0,1), EHR—W LU Dorfler Fric gt H
FIGMNUR D IR S M,

ny (W M) = 0n; (w?”,T,) ®)
F oL HIENA ROGE R R A, Tl
LIGIERA, F24E 0 [— A R 67 <1, 843 A& AT BR
JCH TR, I 0 <1 o X g2 i)
B, T e =0.5.
4) INERLH,



T

Vi 2 63

A3 K H B BT T AL 4y 7 (newest vertex
bisection) E 4% T,.,, o« BT & AMFRid T T I
ROZ ST A K =M B G, ol i —
LR BT T TP RORT TSI (RT3
3 2 ASF TG, A 2 AT IThRIC B T,
WK 2()Pr7s. XFINE RICIEAT LWL “ N
R 2(0) 4 E N R ITE ). X TAE
TR IE U X R 43 T, 0 — AN bRl BT
MFHEAEM, T, , RABGHTR 5050 DL 2
—ANTEARIE N B R R R 5050 T, A RTEAD
4152 ILICHR[10]

Ny

(a) BT =4

SN

(b) &5 A R 2>
B2 PR E R IC N Es Tk
Fig.2 Two different refinement methods
M EE 4 MBI D 1, LA 2R A
P 2 1)U B A BRI
52 (AFEM 5K W f  gg A4ERREL, 6
Hle 530945 52 1) Dorfler ZHURE HIREE , K fga
P25 ) R S A R TCI B SRR A -
O gE - MYIEMET,, 2k=0.
@ W RS, K13 T, LSRR ul”
® WS 1, KE @, #
N2, T,)<e, WEELE A 0, LT &5
@ Wb IO, SRAG R T, b 2N
IS M, .
© WHIINERLY, LR T, -
® %k=k+1, %EQ.
530 H () AFEM SLEAHEL, R SE R T AN
LRRICIRG I, N RN E AL N
PR, P EME TR LB

3 ETHEbRHAS EMEE
7 L& AFEM S0, SRRSO IL 1 32

B, B R MAT BR U T AR K 2N 3R
—o UL REIFE TR EAR st ) 22 FE RS i, A

LI AT RIG A0 BT RIS T AR A SR AR R . A
S, A PRGSO Iy S T 95 1 R 3 8
B A RT T RRORAR, S SR 4 R,
Pl 22 T P AT AR (0 S R R e

BET o LV o 5 30 o 006 19 A 1) 2
WIEA ), T, (1<k<J) WFH AFEM 553 2 7
SRR, SO T Rl T, I R,
v, WHINIEIEARICAN, N BT, L
A A . AHMEREIT 2 x € Ny o 30 67 4
V, SRR x (SRR A R 1 % T I R U
N, R OBT AT A AT B Ok b B
Gauss-Seidel F2 iIEAO N, B s S kAT BE
Yy, LT RN % B RIEACE A N, 5
I8 BT B4 ST e b, S
TR

N, = {x € N, :supp(¢") ¥ supp(¢ ) = 2,

XN, PTG ) )

WITER I, W N, =), =L}, ¢/ =g K
o T A xRS, R, B =N
KHL | N, |FRA N PG A, B3 AT
—FI BT 1 bR

2

4
K3 N, ={1,2,3,4,5,N, ={,2,3,4,56} &

N, =1{2,3,4,5,6
Fig3 N, ={,23,4,5,N, ={1,2,3,4,5,6} and
N, =1{2,3,4,5,6}
VR g 27 0] AR H O Y A A% T, T 2k
PEARICTTREA -
Au, =f,, 1<k<J (10)
AT E K jA<j<nm) , & X H T
P/:V, —>span(¢]), Hifia:
a(P!w,¢))=a(w,¢)), YweV, (11)

X, TN I<k<J[WFE Gauss-Seidel
A 7RI SCR -



64 T T

i

R, {I—ﬁ(!—%}Aﬁ (12)
j=1

KR (10)11) V-cycle 2 H R IEAHE K«
u"™ =u" + B, (f, - A4u), m=0,1,L (13)
MAEE S EW geV, » 5T BV, >V,
(1<k<J), 5 B, g B3R E X HIEN
Hik3(MH Bg)
r=g
For i=k,k—-1L,1
v, =0
r.=0
v, <V, +R,(r—Apv,)
r. < r(ns;)
F < (I)zl—l)T (r—Av;)
End For
b=A'r
For i=1,2,L k
b<v,+P b
b<b+R'(r,—Ab)
End For
B.g=b
Wb, ns, = {k,Loky 5 r(nsy) 2 AR e B SR
oy Ly A R 16 B
20 A BREE 3 R, S BT AU &N,
HH RS R TR N, \ N, R SO RO . R,
e geV, » W B, g W& — kAR 3T
O(n,) iz .
e, BAIT BISRAEGRAE g 5 ) B 3 1 P Ak
T FE BRI FE A0 RS TN V-cycle
2 H MR I
S 4 (BT Ry TR RA 5t ) 22 FE AR I AR)
Lm=0, HELEFGE tol , MALEIEN
L, WO = £, - Au® .
@ W53, KB Fu"=u"+B "
® L= - A", FE [/ O
tol , WSLELEH: B, A m=m+1, u/™ =u"™",
P ) k)

4 FERBRERSH

AT LA R ST Sk B0AE FIA AFEM 57
VE LSO B L T Jmy A it 1) 22 7 R 3 0] 5K it

13T I P T 2 A B G 7 R ) B AR R
P o AE XSS HUE S, IR R E = 3000MPa
FFALEY =0.3, BEEEE|]| = a0, ZEME
ARSI t0l =107 o AT RAG, T R
LI N AR I3 KB, N, AN S Y M R
J2 Lok, N, RN, 50308 2 B IR
(AT MG)FIEE T Jm 2 it 1) 22 T W9 k925 (7 i 0
Local MG)MERKE, E, =llu—wu,|,/|ull,,
b, w R w3 50 A T LR RS A0 A R0 A B T A o
B 1. L2 X e

W Q =[-1L117\[0,1]x[~1,0] , ZEFE 41 £ A
gy THLFHME S 2 B OREFAR 1= (uy,u,)"
Hrb, w(x,y) =u,(x,y) =r*"sin(20 /3) . K 4 A
Bl 5 A3l T BUARTR] O I ek o R — koot R
(i 2e M2 sl o oA 7 U6 AR SCU¥THIF AFEM 1K)
ek, &4 fE s ksl T — S0 Mg T
W2 FBRIE L. ez g Erh, REZEN-1/2 (%
PEIC) A1 (R0 IR HELR SE iT BA L R RSB

(@) 0=0.5HBhns 24 WMk
10

10"}
=
£
10°F
——6=0.1
6=0.3
—4—06=0.5
—— N
Lo (o s ks
10 10 10° 10* 10° 10°
H AN
(b) 6=0.1,0.3,0.5 %2 Hh £ K]
K4 o

Fig.4 Case of linear element



r B N % 65
40 1 -
—a— Local MG % *
354 | T* MGk
» 304
2 251
=)} *
=%
S 204
% //é
E 151 .
=
= 10 /'/
L
5 e
e
0 T T T T T
e w, 4 S S S S5
(a) 0 =0.5n% 25 W RIS K 00 50x10' LOxI0T 15x10°  2.0x10°  2:5x10
10 : - : . S R
(a)
10" 45
*
401 [ —=—Local MG %
3 = /
g
10 D 3.0 .
= 5
102 % 2.54
[—— o 204 /"
603 =] Ll
1073 —+ 605 g 151 */
— B B >/ /
- —— R bR .*‘: 1.0 A
ot 10t 100 10t 100 10° 05{ a7
1 AN 0.0 L
(b) 6=0.1,0.3,0.5 iz i 2k 4 00  50x10° 1.0x10° 1.5x10° 2.0x10° 2.5x10°
. A
s ot
(b)

Fig.5 Case of quadratic element
I, BT B 3 TR it 1 22 3 W9
PR 1 b B IE SR 2t AT IR TT R,
FHI R BAE S5 Rk 1 FilE 6 Fios. 534k, A
T B ARSCRE VT SRR T AR, FRATTIE A
T I 2 AV EUE S R
BHl2. XA R,
WQ=[-1L1, @EFEHM £ F gy, HHE
iR BB = (uyyu,) " N
u(x,y) =1, (x,y) =
1.0/ ((x=0.5)* +(y—-0.5)> +0.01) +
1.0/ ((x+0.5)* + (y+0.5)* +0.01)
7 AN 8 3ol th T HCANIR] O R A 108 v 2k
PEICRI IR IO Y (135 22 Hh 2R Pl o 1) FH 2 Je s
sthy 1 2 B D0 A% 92 SR AR 11 33 N A% T 1R 2k M PR T
JiRE, A EE S5 F 5 =k 2 MK 9 s
£ FHESEMMERBRED | FIESNKELER

Table 1 Numerical results of two different multigrid methods
for example 1
J N, elem E rel N itrs ]\7 itrs
5 7 1.39x107" 6 6
10 223 7.69x1072 7 7
15 850 3.73%1072 8 8
20 3799 1.72x1072 8 8
25 18345 7.74x107> 8 8
30 92612 3.42x107 7 8
33 247581 2.09x107 9 9
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Table 2 Numerical results of two different multigrid methods

for example 2

-/ elem Erel N itrs itrs
5 192 3.56x107" 6 6
10 840 1.59x107" 8 10
15 4456 6.82x1072 9 10
20 24312 2.89x1072 9 10
23 68856 1.72x107* 9
25 137564 1.21x107° 9
27 275912 8.59x107 9
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Table 3 Numerical results of two different multigrid methods
for example 3

-] N elem Erel N itrs 1\7 itrs
10 1012 2.79%107" 7 8
15 5305 1.04x107" 9 9
20 33760 4.19%1072 8 8
22 68284 2.89%107 7 8
24 137019 2.07x107 7 8
26 275410 1.45%107> 7 3
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