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A p-TYPE SUPERCONVERGENT RECOVERY METHOD FOR
FINITE ELEMENT ANALYSIS OF OUT-OF-PLANE FREE
VIBRATIONS OF PLANAR CURVED BEAMS
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Abstract: It extends the p-type superconvergence recovery method to the finite element analysis of the out-of-
plane free vibrations of planar curved beams. Based on the superconvergence properties on frequencies and nodal
displacements in modes, a linear ordinary differential boundary value problem (BVP) which approximately
governs the mode on each element is set up. This linear BVP is solved by using a higher order element from
which the mode on each element is recovered. By substituting the recovered mode into the Rayleigh quotient, the
frequency is recovered. This method is a post-processing approach. Its recovery computation for each element is
handled only on its own domain. It can enhance the accuracy and convergence rate of the frequencies and modes
significantly with a small computation cost. Numerical examples demonstrate that the method is stable, efficient
and worth further exploring.
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Fig. 1 Planar curved beam
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Table 1 Rate of convergence of 3rd frequency, mode and its nodal displacement in Example 1
ne [2-Q"| r lld.—d| r lld—d"| r
16 2.8821x10° - 7.5917x10"° - 4.9237x10" -
3 1.8948x10 " 3.9 5.7596x10 3.7 6.2308x10° 3.0
64 1.1998x10"° 4.0 3.7692x10"° 3.9 7.8069x10°° 3.0
128 7.5231x107 4.0 2.3827x10" 4.0 9.7640x10" 3.0
256 4.7058x10°° 4.0 1.4934x10 " 4.0 1.2207x10" 3.0
512 2.9417x10” 4.0 9.3404x10 " 4.0 1.5259x10°" 3.0
m=2 4 4 3
ne |- r lld.—d?| r lld—d"| r
16 3.2911x10°° - 2.0671x107 - 1.3848x10" -
3 5.2669x10 " 6.0 3.3117x10° 6.0 8.1494x10 4.1
64 8.2793x10 " 6.0 5.2071x10 " 6.0 5.0101x10"° 4.0
128 1.2956x10" 6.0 8.1489x10 " 6.0 3.1181x10" 4.0
256 2.0251x10 " 6.0 1.2738x10 " 6.0 1.9468x10 " 4.0
512 3.1645%10 " 6.0 1.9905x10 ' 6.0 1.2164x10 ™" 4.0
m=3 6 6 4
ne -2 r lld.~dy | r lld—d"| r
16 2.0402x10”° - 1.2643x107" - 2.3812x107 -
32 8.0841x10"° 8.0 4.9957x10" 8.0 7.3852x10" 5.0
64 3.1692x10 3.0 1.9571x10 " 3.0 2.3031x10 " 5.0
128 1.2390x10*¢ 3.0 7.6504x10 " 8.0 7.1933x10" 5.0
256 4.8646x10" 8.0 2.9890x10" 8.0 2.2476x10" 5.0
512 1.8912x10 3.0 1.1676x10 > 3.0 7.0236x10 " 5.0
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Table 2 Rate of convergence of FE solution and recovered
solutions on 3rd eigenpair in Example 1

m=2
ne |Q-2"| r lld—a"| r
16 2.8821x10° — 4.9237x10™ -
32 1.8948x10 39 6.2308x10"° 3.0
64 1.1998x10°° 4.0 7.8069x10°° 3.0
128 7.5231x107 4.0 9.7640x10" 3.0
256 4.7058x10°° 4.0 1.2207x10" 3.0
512 2.9417x10”° 4.0 1.5259x10" 3.0
LR 4 3
m=3
ne Q-0 r Ild —a|| r
16 4.1065x10°° — 1.4864x10™" -
32 2.5175%107 73 9.6899x10° 3.9
64 1.6723x10" 72 6.1437x10" 4.0
128 1.6325%10™" 6.7 3.8746x10°"° 4.0
256 2.1574x10"° 6.2 2.4284x10”° 4.0
512 3.2163x10 " 6.1 1.5188x10 " 4.0
LY [E) 6 4
m=4
ne Q-0 r Ild —a|l r
16 3.7774x10° - 1.4864x10™" -
32 1.9909x107 76 9.6899x10™° 3.9
64 8.4441x107"° 79 6.1233x10 7 4.0
128 3.3689x10 " 8.0 3.8378x10™° 4.0
256 1.3230x10" 8.0 2.4003x10"° 4.0
512 5.1747x10"" 3.0 1.5004x10™" 4.0
Bt 8 4
m=5
ne |- r Ild —a|l r
16 3.7772x10°° - 1.4864x10™* —
32 1.9908x107 76 9.6899x10™° 3.9
64 8.4438x107"° 7.9 6.1233x10 4.0
128 3.3687x10" 8.0 3.8378x10°° 4.0
256 1.3229x10™" 8.0 2.4003x10” 4.0
512 5.1745x10 " 8.0 1.5004x10 ™" 4.0
R E 8 4

w = wg sin (na)
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Table 3 Rate of convergence of recovered solutions on 3rd
eigenpair in Example 1 with SPRD method

ne |- r Ild—a|| r
3 1.9168x10° — 6.1793x10° —
64 2.6890x10 " 6.2 3.9614x10° 4.0
128 3.9339x10"° 6.1 2.4915x10 " 4.0
256 5.9333x10 6.1 1.5596x10° 4.0
512 9.1038x10"° 6.0 9.7516x10 " 4.0
1024 1.4094x10™" 6.0 6.0954x10 " 4.0

PR TGl 5 SR A5 R R 4 PR e Z WL, X —
Kot BEIRRMES AL A B AU, A
JrikRe A R R OURMR) BRI .

N7 BRI IR e AR AN IR B ) T SR
R xb iz R 26 KR AR AT M, LhBY
X Rin = 14 ZHTIETT 3 EAZB A R RS
Tl KETHEN:

K7 45 2 A 5 9 pth 2

Fig. 7 Uniform arch beam in Example 2

6 = 102.99643204332710 (48)
—0.77949599669945567sin(14«)
—-0.47701838720249698 cos(14a) | (49)

w
g |=
1) sin(14a)

JeH = IR0 (m = 3) AT A PR TR, BRI
MR IGGR =4) HIRTC(R = 5)FI7NIKTT (M = 6)
HATBUSE R, SR WE 8 MK SR, 4R
KW p BUEB WS T it 22 1 A B AR B S Y
SRR B e E R .

x4 6128012 EHEX AR TR S B s iR =

Table 4 Errors of FE solution and recovered solutions on first 12 eigenpairs in Example 2

Q-2 lld—d|

Bt Q o Q- d-d"| @ I e TN L 00
I 0000000000 0278903246 27910 121x10° 0003516615  3.52x10° 1.26 8.75x10 ° 0.72 1
2 2.096810333 2379666689  2.83x10"  4.89x10° 2097006671  1.96x10" 0.07 211310 432 2
3 6316663854 6817878189  5.01x10"  L11x10° 6317460674  7.97x10" 0.16 9.77x10™* 8.76 3
4 12.156595065  13.000811658 8.53x10"  1.95x10°  12.159147906  2.55x10° 0.30 2.62x10° 13.41 4
5 17.335703469  17.337172055 147x10° 120107 17335703469  0.00x10’ 0.00 7.65%10 ° 0.64 |
6 19209142151  20.568557976  1.36x10"  3.09x10° 19216004983  6.86x10° 0.50 5.86x10" 18.93 5
7 22125304755 22.143921945 1.86x10°  481x10° 22125316688 1.19x10° 0.06 8.89x10” 1.85 2
§ 28486387871  28.560421560 7.40x10°  1.09x10° 28486493560  1.06x10" 0.14 4.06x10" 3.74 3
9 27.163609617  29.207708099  2.04x10"  4.41x10°  27.179901316  1.63x10° 0.80 1.15x10° 26.16 6
10 35578254236 35767316820  1.89x10"  1.90x10° 35578729685 4.75x10" 0.25 1.09x10° 5.76 4
11 35780085885 38709492937  2.93x10"  5.95x10° 35815415938 3.53x10° 1.21 2.16x10° 36.35 7
12 43.038408000 43423183936 3.85x<10"  3.01x10°  43.039902934  1.49x10° 0.39 241x10° 8.00 5
5] 3. —fxdhz R y=H-c[l-sin(ce+c¢)], 0<é<1,

SCHR [27 — 28] W 9T T 9 B 2. = c1 = H/[1-sin(c28)], ¢ =n/(1+2¢) (51
FAIE 52 26 ARG 5 26 — 2l 28 it 2 i i A B B AR 3 { y .
SRR y=by{ \1-1E-0.5)/b1 - sm(a)},

AR, =R R TR S R
0<<é<1, a=arccos(0.5/by),
y=4H-£(1-¢), 0<é<1 (50) bi=e+0.5, by=H/(1-sin(a)) (52)
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Fig. 8 Rate of convergence of FE solution and recovered

solutions on 26th eigenpair in Example 2
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Table 5 Rate of convergence of FE solution and recovered solutions on 26th eigenpair in Example 2

m=3 m=4
ne |Q-Q" r Ild — d"|| r ne |Q—-Q%| r |d—d*|| r
16 3.0092x10"" - 8.6231x10 "' 16 1.1674x10~ - 8.4742x10" -
30 5.8019x10 " 57 2.5207x10"° 8.4 30 4.4443x10”° 8.0 2.0138x10 " 12.0
64 9.5518x10 5.9 1.4991x10™* 4.1 64 1.7980x10 7.9 5.2408x10 ° 53
128 1.5120x10°° 6.0 9.2470x10°° 4.0 128 7.0914x10™" 8.0 1.5277x10" 5.1
256 23701x10°° 6.0 5.7601x107 4.0 256 2.7769x107 3.0 4.6824x10" 5.0
512 37063310 6.0 3.5970x10°° 40 512 1.0854x10 8.0 1.4560x10 " 5.0
Mgl 6 4 iRl 8 5
m=5 m=6
ne |- r Ild - d*|| r ne |Q—Q*| r l\d - d*|| r
16 2.2943x10° - 8.4742x10"" 16 2.1079x10° - 8.4742x10”" -
32 4.2573%10” 124 1.4481x10™" 12.5 32 2.1331x107 133 1.4365x10" 12,5
64 2.5609x10 " 10.7 2.4027x10°° 59 64 4.1349x10™" 123 2.3581x10° 59
128 2.2096x10 " 10.2 3.8469x10° 6.0 128 9.4404x10 " 12.1 3.7307x10°° 6.0
256 2.0927x10 " 10.0 6.0524x10 " 6.0 256 2.2647x10 " 12.0 5.8473x10 " 6.0
512 2.0281x10™" 10.0 9.4732x10" 6.0 512 5.5045%10 12.0 9.1435x10 " 6.0
g E 10 6 R E 12 6
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Table 6 Dimensionless frequencies for three curved beams of Example 3

m=1, m=2 m=2, m=3
Mk 5 5 Mrd  SCER[27] SCER[28 — X - — - -
! TR T Wis BIOOR WR  BRUOR WEI) IO REI%)
1 6.0825 6.090 7.813 28.45 6.095 0.21 6.083 0.00 6.082 0.00
W2 -4 2 30.4026 30.40 35.739 17.55 30.426 0.08 30.405 0.01 30.402 0.00
3 70.0449 70.03 81.753 16.71 70.122 0.11 70.048 0.00 70.032 —0.02
1 17.0609 17.14 20.088 17.74 17.068 0.04 17.064 0.02 17.061 0.00
SAIERER - 2 485761 48.95 56.542 16.40 48.609 0.07 48.593 0.03 48.575 0.00
3 95.0274 96.05 107.806 13.45 101.690 7.01 95.075 0.05 95.020 —0.01
1 11.0158 11.04 13.299 20.73 11.034 0.16 11.017 0.01 11.016 0.00
iiln s el b 2 38.6820  38.82 45353 17.24 38.722 0.10 38.691 0.02 38.682 0.00
3 81.9146 82.33 95.626 16.74 82.051 0.17 81.947 0.04 81.911 0.00
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